This work derives the fundamental solutions for displacements and stresses due to horizontal and vertical line loads acting in a continuously inhomogeneous plane strain cross-anisotropic full space with Young's and shear moduli varying exponentially with depth. The governing equations can be obtained by combining the generalized Hooke's law, the strain-displacement relationships, and the equilibrium equations. Then, utilizing Fourier transforms, the governing equations are transformed into ordinary differential equations. Additionally, by using the variation of parameters, the solutions of the displacements in the Fourier domain are found. However, the stress solutions in the same domain can also be found by employing the stress-strain-displacement relationships. Eventually, performing inverse Fourier transforms by means of the numerical integration program QDAGI, the displacements and stresses induced by horizontal and vertical plane strain line loads can be calculated. The solutions indicate that the displacements and stresses are profoundly influenced by the nondimensional inhomogeneity parameter, the type and degree of material anisotropy, the types of loading, and the nondimensional horizontal distance. The proposed solutions are identical to those of Wang and Liao after suitable integration, as derived in an appendix, when the full space is a homogeneous cross-anisotropic material. A series of parametric studies are conducted to demonstrate the present solutions, and to elucidate the effects of aforementioned factors on the vertical normal stress. The results reveal that estimates of displacement and stress should take the inhomogeneity into account when studying cross-anisotropic materials under applied line loads.
Introduction
Many natural soils, such as flocculated clays, varved silts, or sands, are often deposited through a geologic theoretical treatment of both inhomogeneous and anisotropic characteristics in materials frequently poses mathematical difficulties. Therefore, a plane strain state on the y-axis of a cartesian coordinate system is state in → state on assumed throughout this study, which means the inhomogeneous cross-anisotropic medium is subjected to two-dimensional horizontal/vertical line loads, P x /P z (force/length). Furthermore, the magnitudes and distributions of displacements and stresses in materials due to these applied loads have always played an important role in the design of foundations. In the past, a great deal of study was contributed to estimate the displacements and stresses in isotropic media with Young's or shear modulus varying with depth according to the power law, the linear law, the exponential law, et cetera. A very detailed survey of the solutions related to soil/rock mechanics and foundation engineering for inhomogeneous isotropic/crossanisotropic media is given in [Wang et al. 2003 ]. However, some recent investigations are not included in that survey, and will be mentioned here. Some relevant articles about inhomogeneous isotropic media are [Chen et al. 2001; Gray et al. 2001; Doherty and Deeks 2002; 2003c; 2003a; 2003b; 2005; 2006; Martin Martin 2004 → Martin 2002 ; please check if it's the paper you intend 2004; Martin et al. 2002; Cihan 2003] , and some about inhomogeneous anisotropic media are [Azis and Clements 2001; Wang et al. 2003; 2006; Wang and Tzeng 2009] . Azis and Clements [2001] studied the solutions of boundary value problems for static deformations of inhomogeneous anisotropic elastic materials. The elastic moduli varied continuously with three cartesian coordinates, and three plane strain boundary value problems for inhomogeneous isotropic/cross-anisotropic media were illustrated. Wang et al. [2003] presented semianalytical solutions for displacements and stresses by employing the Hankel integral transforms in a cylindrical coordinate system with the assumption of axial symmetry about the axially symmetric → axial symmetry z-axis, owing to a vertical point load in a continuously inhomogeneous cross-anisotropic half space with Young's and shear moduli varying exponentially with depth (Ee −kz , E e −kz , and G e −kz ). The planes of cross-anisotropy were horizontal, and the resulting integrals involved products of Bessel functions of the first kind, an exponential, a polynomial; some of them cannot be given in a closed form. Hence, , and some → ; some numerical techniques proposed by Longman [1956b; 1956a] and Davis and Rabinowitz [1984] were adopted. The point load solutions in the Hankel domain for the half space were obtained by superposing the solutions of two full spaces, one with a point load in its interior and the other with opposite traction "with opposite traction [. . . ] " sentence unclear of the first full space along the boundary surface plane. Subsequently, Wang et al. [2006] integrated the point load solutions of [Wang et al. 2003 ] to get solutions for the displacements and stresses along the centerline, induced by a uniform vertical circular load acting in the interior of an inhomogeneous crossanisotropic half space with Young's and shear moduli varying exponentially with depth. In addition, Wang and Tzeng [2009] generated the solutions for the same medium for conical and parabolic vertical caused by → for circular loads.
In this article, the fundamental solutions of displacements and stresses subjected to horizontal and vertical line loads for an inhomogeneous plane strain cross-anisotropic medium with Young's and shear moduli varying exponentially with depth (Ee −kz , E e −kz , and G e −kz ) are derived. Note that, in order to consider the important effect of a horizontal force on the inhomogeneous cross-anisotropic medium, the axisymmetric assumption cannot be utilized. In other words, the solutions of Wang et al. [2003] cannot rephrased be applied to solve for the displacements and stresses resulting from the actions of horizontal forces, or those from asymmetrically shaped loads, such as strip loads. Hence we use cartesian coordinates for performing Fourier transforms. However, past investigations suggest that considering anisotropic deformability together with inhomogeneity can make the problems too complicated to allow closed-form rephrased solutions for the displacement and stress; therefore, we resort to numerical integration using QDAGI.
The present solutions indicate that the displacements and stresses are governed by the nondimensional "remarkably" removed inhomogeneity parameter (kz), the type and degree of material anisotropy (E/E , G /E , and ν/ν ), the types of line loading (P x and P z , force/length), and the nondimensional horizontal distance (x/z). The proposed solutions are identical with those of [Wang and Liao 1999] by integration, as derived in integrations → integration the Appendix of this article, when the full space is a homogeneous cross-anisotropic medium owing to infinite horizontal and vertical line loads. Finally, a parametric study is conducted to demonstrate the obtained solutions and to elucidate the effect of aforementioned factors on the vertical normal stress. The results reveal that the inhomogeneous characteristics should be taken into account in the case of cross-anisotropic soil/rock masses under plane strain horizontal/vertical line loads.
1. Governing equations for an inhomogeneous plane strain cross-anisotropic medium due to line loads
In this study, solutions for the displacements and stresses caused by horizontal/vertical line loads in a continuously inhomogeneous plane strain cross-anisotropic full space are derived. Figure 1 depicts a cartesian coordinate system in which the z-axis is the axis of rotation associated with elastic symmetry, and the x-y plane is the cross-anisotropic plane. The cross-anisotropic medium has inhomogeneous elastic properties according with the assumptions of [Wang et al. 2003 ]. The Young's and shear moduli vary exponentially with depth, but the two Poisson's ratios remain constants. Hence, the expression of stress-strain for an inhomogeneous cross-anisotropic medium under the plane strain assumption is
where k is referred to as the inhomogeneity parameter, and it has dimensions of inverse length. The rephrased product kz represents the nondimensional inhomogeneity parameter; here z is coordinate (increasing a full space Figure 1 . Horizontal/vertical line load P x /P z acting in an inhomogeneous plane strain cross-anisotropic full space.
downward) in the direction of the axis of rotation associated with elastic symmetry. The matrix entries C 11 , C 13 , C 33 , and C 44 are elastic moduli or elasticity constants of the medium, and can be expressed in "expressed"
The expressions of the strain-displacement relations for small strain in a cartesian coordinate system are [Poulos and Davis 1974] :
where u x and u z are the displacements in the x and z directions, as shown in Figure 1 . A positive normal strain corresponds with a decrease in length, whereas a positive shear strain represents an increase in the right angle, and a negative shear strain denotes a decrease in the right angle [Poulos and Davis 1974] . By considering the equilibrium of the element shown in Figure 1 in a cartesian coordinate system, the following equilibrium equations are obtained [Poulos and Davis 1974] :
where δ is the Dirac delta function, and P x and P z (force/length) are the horizontal and vertical infinite "of the coordinate" removed line loads acting at the origin in an inhomogeneous cross-anisotropic full space.
Combining (1) and (3), and substituting them into (4), the Navier-Cauchy equations for an inhomo-replacing → substituting geneous plane strain cross-anisotropic medium can be regrouped as
Fundamental solutions of displacements in the Fourier domain
In order to solve the governing equations as expressed in (5), the Fourier transforms relating to the x coordinate of the components of displacement are
where α is the Fourier transformed parameter. However, the Dirac delta function has the property
Hence, (5) becomes a system of ordinary differential equations:
The homogeneous solutions of (7) are found by solving the ordinary differential equations: where
C 33 C 44 , with t = C 11 C 33 − C 2 13 − 2C 13 C 44 . (The top sign is used for u 1 .) The coefficients B i can be eliminated in favor of the A i by substituting (8) into (7). This reduces equations (8) to
where
,
.
Next, the particular solutions of (7) can be found by defining two displacement functions:
• For z ≥ 0 (recall that the sign of z is downward positive):
• For z < 0: u x (P) = 0, u z (P) = 0.
The undetermined coefficients C i and D i (i = 1, . . . , 4) can be obtained by variation of parameters: removed superfluous reference to Hildebrand
The general solutions are obtained as sums of homogeneous and particular solutions:
• For z ≥ 0: • For z < 0:
In these four equations, we assume k + u 1 and k + u 2 are positive and k − u 1 and k − u 2 are negative, so we can utilize the two infinite boundary conditions (z → ∞ and −∞) of displacements to solve for the undetermined constants A i . The final expressions for the general solutions u x (α, z) and u z (α, z) in the Fourier domain are as follows:
• For z ≥ 0:
• For z < 0:
where in the last expression we used the abbreviations Q x = The desired solutions for the displacements u x (x, z) and u z (x, z) in the inhomogeneous plane strain cross-anisotropic full space can be obtained by taking the inverse Fourier transforms with respect to α:
Fundamental solutions of stresses in the Fourier domain
The horizontal normal stress σ x x (α, z), the vertical normal stress σ zz (α, z), and the shear stress τ x z (α, z) can be derived by combining (1) and (3) and performing the Fourier transforms; the result is
Thus, for example, the stresses for z ≥ 0 are
Finally, the stresses σ x x (x, z), σ zz (x, z), and τ x z (x, z) in the physical domain are determined by inverse Fourier transformation: However, from (9) and (13), the formulation of displacements u x (x, z) and u z (x, z) and stresses σ x x (x, z), σ zz (x, z), and τ x z (x, z) in a continuously inhomogeneous cross-anisotropic full space have very complicated integrals, which cannot be given in an exact closed form; hence, numerical inversion of the Fourier transforms is required. The detailed numerical integrations required to estimate the vertical "required" inserted normal stress are elucidated in the next section.
An illustrative example
From (10)- (13), the numerical inversion of Fourier transforms for stress fields can be performed by using the routines of QUADPACK. QUADPACK can be utilized for the numerical computation of definite one-dimensional integrals [Piessens et al. 1983; Barros and Mesquita 1999] . There are routines for adaptive and nonadaptive integration, finite, semiinfinite and fully infinite integration regions, integrands with singularities, and integrands with sin x or cos x. Therefore, the values of (13) can be accurately calculated by employing the numerical integration subroutine QDAGI between the limits −∞ and ∞. In this investigation, the displacements, (9), owing to horizontal/vertical line loadings in the full space are only meaningful if evaluated as the displacements of one point relative to another point, with both points located neither at the origin of loading nor at infinity [Poulos and Davis 1974] . Hence, in this part → section section, a parametric study is conducted to clarify the effect of inhomogeneity, the type and degree of material anisotropy, and the loading types on the most interesting quantity in geotechnical engineering, namely, the vertical normal stress (σ zz ).
Two illustrative examples, horizontal and vertical line loads acting in the inhomogeneous plane strain cross-anisotropic full space, are given to show the effect of the nondimensional inhomogeneity parameter kz; the degree of material anisotropy specified by the ratios E/E , G /E , and ν/ν ; and the loading Sentence rephrased, commas removed types P x /P z (force/length) on σ zz , respectively. In this investigation, the values of the nondimensional inhomogeneity parameter kz (z is downward positive in this numerical analysis) are theoretically assumed to be −0.3, −0.2, −0.1, and 0 (homogeneous). As mentioned previously, the situation kz < 0 (−0.3, −0.2, −0.1) corresponds to soft surface, where E, E , and G increase with the depth. This rephrased situation would be suitable for the earth materials, such as soils and rocks. Regarding the typical ranges of cross-anisotropic parameters, Gazetas [1982] summarized experimental data for deformational crossanisotropy of clays and sands. He concluded that the ratio E/E for clays ranges from 0.6 to 4, and was as low as 0.2 for sands. However, for the heavily overconsolidated London clay, the range of E/E was 1.35-2.37, and that of the ratio G /E was 0.23-0.44 [Ward et al. 1965; Gibson 1974; Lee and Rowe 1989; Tarn and Lu 1991; Wang et al. 2008] . The ratio ν/ν is hypothetically assumed to be within "Besides" removed the range 0.75-1.5 in this study. Therefore, the anisotropic ratios (E/E , G /E , and ν/ν ) of elastic constants for seven different soils are listed in Table 2. removed redundant sentence "In Table  2 , the values. . ."
The influence of inhomogeneity and of the degree and type of soil anisotropy on the vertical normal stress due to a horizontal line load acting in the cross-anisotropic material is explored first. Figure 2 plots the effect of the nondimensional inhomogeneity parameter kz (equal to −0.3, −0.2, −0.1, or 0) on the nondimensional vertical normal stress (zσ zz /P x ) versus the nondimensional horizontal distance (x/z), induced by a horizontal line load (P x ) for isotropic soil 1 and for each of the cross-anisotropic soils 2-7. In order to examine the accuracy of the numerical integration by using QDAGI, comparisons are carried out with the extension of the homogeneous point load solutions of [Wang and Liao 1999] Table 2 . Anisotropic ratios of elastic constants for different soil types. Soil 1 is isotropic, while the others exhibit cross-anisotropy. In each case, E = 50 MPa and ν = 0.3. means the horizontal/vertical point load solutions for the stress components of [Wang and Liao 1999] in a cartesian coordinate system for a homogeneous cross-anisotropic full space should be extended to those of line load solutions by suitable integration. The new solutions are also expressed in the Appendix, and formulae (A.1)-(A.3) are the checking criteria for the present solutions, (10)- (13), in the case of the nondimensional inhomogeneity parameter kz = 0. From Figure 2 , the calculated results from the present solutions for soils 1-7 are in excellent agreement with those of in the Appendix. In addition, we see that when the nondimensional horizontal distance x/z is less than 0.5, the nondimensional vertical normal stresses (zσ zz /P x ) are almost the same irrespective of the variation of kz for the isotropic medium (soil 1). However, with increasing x/z > 1.5, the vertical normal stress would be transferred by tension except for kz = −0.3, and the induced stress follows, decreasing steadily as kz goes from −0.3 to 0. It apparently, → it is apparent that is apparent that the nondimensional inhomogeneity parameter kz does have a great influence on σ zz . With an increase in E/E from 1 for soil 1 to 1.35 for soil 2 and then to 2.37 for soil 3, the magnitude and region of the induced tensile stress is gradually reduced. In each figure, zσ zz /P x converges with Rewrote for brevity and clarity increasing x/z.
A similar trend, except for the magnitude, holds for the comparison of soils 1, 4 and 5, with G /E decreasing from 0.385 for soil 1 to 0.23 for soil 4, and increasing to 0.44 for soil 5.
However, zσ zz /P x becomes larger within the very small loaded distance of x/z (< 1) with a decrease in ν/ν from 1 for soil 1, to 0.75 for soil 6, and becomes smaller in the case of increasing ν/ν (from 1 for soil 1 to 1.5 for soil 7). Thus, it is clear from Figure 2 that the induced vertical normal stress by a horizontal line load in a plane strain cross-anisotropic material strongly relies on the nondimensional inhomogeneity parameter kz and the nondimensional horizontal distance x/z.
Figures 3-5 depict the effect of soil anisotropy (E/E , G /E , and ν/ν ) on the vertical normal stress (σ zz ) induced by a horizontal line load (P x ) for three groups of soils: 1, 2, and 3 (E/E varies, Figure 3) ; soils 1, 4, and 5 (G /E varies, Figure 4) ; and soils 1, 6, and 7 (ν/ν varies, Figure 5 ).
In each figure the cases kz = −0.3 (E, E , and G increase with depth) and kz = 0 (homogeneous) are shown, in the left and right panes respectively. From Figure 3 , left, we see that for x/z < 1, the order of the induced compression stress is soil 1 > soil 2 > soil 3. However, with an increase of x/z, that order would be reversed.
In Figure 4 , left, we see that the magnitudes of zσ zz /P x obey the order soil 5 > soil 1 > soil 4, while the corresponding order for Figure 5 , left is soil 6 > soil 1 > soil 7, with a slight tensile stress observed in the case of soil 7. From Figures 3-5 it is clear that the type and degree of soil anisotropy (E/E , G /E , and ν/ν ) affects profoundly the vertical normal stress due to a horizontal line load in an inhomogeneous isotropic/crossanisotropic material. Figure 6 shows the effect of the nondimensional inhomogeneity parameter kz (equal to −0.3, −0.2, −0.1, or 0) on the nondimensional vertical normal stress (zσ zz /P z ) versus the nondimensional horizontal distance (x/z), subjected to a vertical line load (P z ) for isotropic soil 1 and cross-anisotropic soils 2-7. The figure suggests that the results of the present solutions when kz = 0 for soils 1-7 agree very well with those in the Appendix. Additionally, we see that the vertical normal stresses due to a vertical line load are all compressive, and these phenomena are different from those in Figure 2 for the stresses owing horizontal one → horizoontal line load to a horizontal line load. It can be seen that the magnitudes of σ zz induced by vertical line loading ( Figure 6 ) are greater than those induced by horizontal line loading (Figure 2) . Thus the type of loading (P x or P z ) has a strong influence on σ zz .
The plots for soils 1, 2 and 3 in Figure 6 (page 114), with E/E increasing from 1 to 1.35 and 2.37, all show the same trend, indicating that increases in E/E (in this range) have only a minor effect on σ zz . A comparison of the plots as G /E decreases from 0.385 for soil 1 to 0.23 for soil 4, and again as it increases to 0.44 for soil 5, indicates that the ordering (relative to kz) of the graphs of zσ zz /P z remains the same, but the magnitude changes significantly. The same is true for the decrease in ν/ν from 1 for soil 1 to 0.75 for soil 6, and its increase to 1.5 for soil 7.
Figures 7-9 depict the effect of soil anisotropy (E/E , G /E , and ν/ν ) on the vertical normal stress (σ zz ) induced by a vertical line load (P x ) for three groups of soils: 1, 2, and 3 (E/E varies, Figure 7) ; soils 1, 4, and 5 (G /E varies, Figure 8) ; and soils 1, 6, and 7 (ν/ν varies, Figure 9) .
In each figure the cases kz = −0.3 (E, E , and G increase with depth) and kz = 0 (homogeneous) are shown, in the left and right panes respectively. It is seen that the induced vertical normal stresses are compressive for kz = −0.3 in all types of soil considered.
From Figure 7 , left, we see that for x/z < 0.5, the value of zσ zz /P z increases as E/E grows from 1 to 1.35 to 2.37; however, with higher x/z from 0.5 to 2, zσ zz /P z in soils 1, 2, and 3 moves toward the same values. In Figure 8 , left, zσ zz /P z increases as G /E drops from 0.385 to 0.23, and decreases as G /E grows from 0.385 to 0.44, within the range x/z < 0.5. It also can be found in Figure 9 , left, that zσ zz /P z increases with a drop in ν/ν from 1 to 0.75, and decreases with an increase in ν/ν from 1 to 1.5, at about x/z < 1.2.
The homogeneous case (kz = 0) is shown in the right-hand halves of Figures 7-9. When comparing this with the case kz = −0.3, we see that except for the magnitudes of zσ zz /P z being diverse, the trends are similar. Overall, Figures 7-9 suggest that the magnitudes of vertical normal stresses are decisively influenced by soil anisotropy owing to a vertical line load in the isotropic/cross-anisotropic materials.
Moreover, it is evident from Figures 2-9 that the isotropic/cross-anisotropic materials resulting from different loading types (P x and P z ) would affect the vertical normal stress. Therefore, we choose crossanisotropic soil 6 (ν/ν = 0.75) to interpret the effects of both loading types on σ zz , Figure 10 shows the results for kz = −0.3, −0.2, −0.1, and 0. We see that the induced vertical normal stresses are larger from a vertical line load (P z ) than from a horizontal one (P x ) in the case of kz ≤ 0. Thus the type of loading deeply affect the vertical normal stress in inhomogeneous cross-anisotropic soil 6. The examples above confirm the present solutions and clarify how the nondimensional inhomogeneity parameter kz, the type and degree of soil anisotropy, and the types of loading would influence the vertical Nondimensional Distance x z Effect of nondimensional inhomogeneous parameter kz for Soil 6 with E/E' =1.0, G' /E' =0.385, υ/υ' =0.75
Figure 10. Effect of loading types (P x and P z ) on the vertical normal stress (σ zz ) for cross-anisotropic soil 6 for kz = −0.3 (top left), −0.2, −0.1, and 0 (bottom right).
normal stress, σ zz , in the inhomogeneous plane strain isotropic/cross-anisotropic material. Numerical results also show that the stress in the continuously inhomogeneous plane strain cross-anisotropic full space resulting from horizontal and vertical line loads can be easily calculated by the proposed solutions. The magnitudes and distributions of vertical normal stress are simply sensitive to the nondimensional inhomogeneity parameter kz (Figures 2 and 6 ), the anisotropic ratios specified by E/E , G /E , ν/ν (Figures 3-5 and 7-9), and the different loading types (Figure 10) . Also, the adopted nondimensional horizontal distance x/z is another factor that could affect the present stress. Hence, the aforementioned factors should be taken into account when estimating the displacements and stresses in an inhomogeneous plane strain cross-anisotropic medium subjected to applied line loads.
Conclusions
The fundamental solutions of displacements and stresses in a cartesian coordinate system for a continuously inhomogeneous plane strain cross-anisotropic full space with Young's and shear moduli varying exponentially with depth, due to horizontal and vertical line loads, are derived in this article. The planes Comma inserted of cross-anisotropy are assumed to be horizontal. Fourier transforms with respect to x are employed to find the solutions. However, inverse Fourier transforms for displacements and stresses are associated associate → are associated with complicated polynomial and exponential functions which cannot be given in exact closed forms; hence, numerical integration is required. The resulting integrals can be performed by the subroutine QDAGI between the limits −∞ and ∞. The present solutions, setting the nondimensional inhomogeneity parameter kz = 0, are then compared with the extension of Wang and Liao's horizontal/vertical point load Sentence rephrased solutions to horizontal/vertical infinite line load solutions for a homogeneous cross-anisotropic full space, as shown in the Appendix. The numerical results agree very well with those obtained in the Appendix. Overall, the generated solutions indicate that the displacements and stresses are deeply affected by all the factors considered: the nondimensional inhomogeneity parameter (kz), the type and degree of material anisotropy (E/E , G /E , and ν/ν ), the types of loading (P x and P z ), and the nondimensional horizontal distance (x/z). A series of parametric studies is conducted to demonstrate the present solutions, and elucidate the influence of aforementioned factors on the vertical normal stress. The results reveal that the computations of stresses (or displacements) should consider inhomogeneous characteristics in a cross-anisotropic material when → in induced by applied line loads. In addition, these solutions could realistically imitate the actual stratum of loading problems in practical engineering. Most importantly, the proposed solutions can be used to derive the solutions of displacements and stresses resulting from the subjected line loads in an inhomogeneous plane strain cross-anisotropic half space; in particular, the actions of horizontal forces have never been provided in the literatures. The valuable solutions will be addressed in forthcoming papers. where:
• C 11 , C 13 , C 33 , and C 44 are the elastic moduli or elasticity constants of the cross-anisotropic material, as seen in (2); however, C 66 = E/ 2(1 + ν) .
• u 3 = √ C 66 /C 44 , u 1 , and u 2 are the roots of the following characteristic equation: u 4 − su 2 + q = 0, where s = C 11 C 33 − C 13 (C 13 + 2C 44 ) C 33 C 44 and q = C 11 /C 33 .
Since the strain energy is assumed to be positive definite in the material, the values of the elastic constants are restricted. Hence, there are three categories of the characteristic roots, u 1 and u 2 , as follows:
Case 1: u 1,2 = ± .
• Defining p 1i -p 8i in (A.1)-(A.2) as the elementary functions, they can be represented as 
